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We discuss a four–dimensional Volkov–Akulov supersymmetric theory on a D3–brane with N = 2 supersym-
metry broken down to N = 1.
1. INTRODUCTION
In [1] Volkov and Akulov proposed the first
four–dimensional field theoretical model which
possessed space–time supersymmetry. The model
was constructed in such a way that (as we assume
to be realized in nature) supersymmetry is bro-
ken spontaneously with a “neutrino” playing the
role of the associated fermionic Goldstone parti-
cle. This was the first example of a mechanism
of spontaneous breaking of global supersymmetry
which was generalized by Volkov and Soroka [2]
to the super–Higgs effect in the first supergravity
model with spontaneously broken local supersym-
metry [3].
Later on it has been realized [4] that models
of the Volkov–Akulov type describe supersym-
metric effective field theories exhibiting partial
supersymmetry breaking on the worldvolumes of
branes. This subject has recently faced a signifi-
cant revival of interest due to the extensive study
of various aspects of brane physics (see e.g. [5–
10]).
The aim of this work is to study peculiarities
of the superembedding description [11–16] of a
space filling D(irichlet)3–brane propagating in an
N = 2, D = 4 superspace and to establish the
relationship of this covariant geometrical formu-
lation with a Goldstone superfield formulation of
an N = 1, D = 4 supersymmetric Dirac–Born–
Infeld theory [5,9,10] based on methods of non-
linear realizations first applied to supersymmetry
by Volkov and Akulov.
We shall show that the superembedding condi-
tions and worldvolume gauge field constraints do
not put D3–brane dynamics in D = 4 on the mass
shell, in contrast, for example, to the case of a
D3–brane [14,17] and a D9–brane [18] in type IIB
D=10 supergravity. A geometrical consequence of
these conditions is the Grassmann analyticity of
both the N = 1, D = 4 superworldvolume and
N = 2, D = 4 target superspace. This is an
extension to the D3–brane of results on the re-
lationship of the superembedding condition with
Grassmann analyticity properties of supermani-
folds observed previously in the cases of anN = 1,
D = 4 superparticle and an N = 1, D = 4 super-
string [11,19–21].
The fact that the superembedding conditions
are off–shell constraints will allow us to construct
a worldvolume superfield action for the space fill-
ing D3–brane which we briefly discuss in the end
of this contribution.
2Notation. We use the formalism of two-
dimensional Weyl spinors both in N = 1, D = 4
superworldvolume and in N = 2, D = 4 target
superspace. Since the D3–brane in D = 4 is a
space filling brane we can always gauge fix lo-
cal Lorentz rotations in the worldvolume in such
a way that they coincide with Lorentz transfor-
mations in the target superspace. So there is no
need to distinguish between the vector and spinor
indices corresponding to the tangent spaces of
superworldvolume and target superspace. Small
letters of the Greek and Latin alphabet stand,
respectively for spinor and vector indices, e.g.
α, α˙ = 1, 2; a, b = 0, 1, 2, 3. Capital Latin let-
ters denote both the spinor and vector indices.
The curved target superspace indices denoted by
the letters from the second half of the alphabets
are underlined to indicate that the worldvolume
and target space superdiffeomorphism groups are
a priori independent.
2. SUPEREMBEDDING CONDITIONS
In the case of the space filling superbranes the
basic superembedding condition reads [18] that
the superembedding of the brane superworldvol-
ume into a target superspace is carried out in such
a way that (using local Lorentz transformations
on the worldvolume and in target superspace) it
is always possible to choose the vector component
ea of a worldvolume supervielbein
eA(z) = (ea, eα, e¯α˙), zM = (ξm, ηµ, η¯µ˙) (1)
to coincide with the pullback of the vector com-
ponent Ea of a target space supervielbein
EA(Z) = (Ea, EIα, E¯Iα˙),
ZM = (Xm,ΘIµ, Θ¯Iµ˙), I = 1, 2 . (2)
Namely,
ea = Ea(Z(z)). (3)
Note that by imposing (3) we have identified the
group of local Lorentz rotations in the tangent
space of the superworldvolume with that of the
target space Lorentz group, while the worldvol-
ume superdiffeomorphisms still remain an inde-
pendent group of transformations, and can be
used (as we will do in the final stage of our anal-
ysis), to impose a physical gauge
ξm = Xm, ηµ = Θ1µ, η¯µ˙ = Θ¯1µ˙. (4)
In this gauge the theory remains manifestly in-
variant under N = 1, D = 4 supersymmetry as-
sociated with the supertranslations along ηµ and
η¯µ˙, while the second target space supersymme-
try associated with the Θ2 translations is realized
nonlinearly in the transformation law of Θ2µ(z),
which implies its spontaneous breaking,
δΘ2 = ǫ2 + i(ǫ2σaΘ¯2 +Θ2σaǫ¯2)∂aΘ
2. (5)
Thus Θ2µ(z) is the Volkov–Akulov Goldstone
fermion associated with the half of N = 2, D = 4
supersymmetry spontaneously broken by the D3–
brane.
As a consequence of (3) the pullback of Ea
along the Grassmann directions (1) of the super-
worldvolume is zero. If the target superspace is
flat (which is the case of our interest)
Ea = dXa − idΘIασaαα˙Θ¯
Iα˙ + iΘIασaαα˙dΘ¯
Iα˙, (6)
and eq. (3) implies
E aα = DαX
a − iDαΘ
IσaΘ¯I − iΘIσaDαΘ¯
I = 0,
E aα˙ = D¯α˙X
a−iDαΘ
IσmΘ¯I−iΘIσaD¯α˙Θ¯
I = 0,(7)
where Dα and D¯α˙ are worldvolume covariant
derivatives.
As far as the spinor components of the world-
volume supervielbein (1) are concerned, by a sim-
ple redefinition they can always be chosen to co-
incide with the pullback of one of the two spinor
components of the target space supervielbein (2).
For instance, we can choose
eα = E1α, e¯α˙ = E¯
˙1α. (8)
(Such a choice reflects the possibility of gauge fix-
ing kappa–symmetry by putting Θ1|η=0 = 0 in
the conventional Green–Schwarz formulation of
the Dirichlet brane dynamics [6]).
Then the generic expression for the pullbacks
of the fermionic one–forms E2α and E¯2α˙ in the
worldvolume local frame (3) and (8) is
E2α = E1βh αβ (z) + E¯
1α˙C αα˙ (z) + E
aψαa (z), (9)
3E¯2α˙ = E¯1β˙ h¯ α˙
β˙
(z) + E1αC¯α˙α(z) + E
aψ¯α˙a (z).
Note that in the flat target superspace
EIα = dΘIα, E¯Iα˙ = dΘ¯Iα˙, (10)
and
h αβ (z) = DβΘ
2α, ψαa (z) = DaΘ
2α,
C αα˙ (z) = D¯α˙Θ
2α, (11)
the analogous expressions being valid for the com-
plex conjugate superfields h¯, C¯ and ψ¯.
The possibility of identifying the worldvolume
supervielbein with the “pulled back” components
(3) and (8) of the target space supervielbein im-
plies that in flat target superspace the induced
superworldvolume geometry is also flat, and that
the worldvolume spin connection is zero. This is
natural, since the brane worldvolume completely
fills in (or coincides with) the bosonic core of
the flat target superspace. We should note that
though the superworldvolume is flat the super-
vielbein eA defined by (3) and (8) differs from
the standard flat superspace basis
eA0 = (dξ
a − idησaη¯ + iησadη¯, dηα, dη¯α˙). (12)
This, in particular, implies that the superworld-
volume covariant derivatives DA in (7) and (11)
associated with the basis (3) and (8) differ from
conventional flat covariant derivatives and form
a more complicated superalgebra, which we shall
present a bit later.
The integrability of (9) and (10) requires some
differential relations between the components
h(z), C(z) and ψ(z) of the superforms (9), how-
ever the integrability of the superembedding con-
dition (3), which implies that the worldvolume
torsion is the pullback of the target space torsion
dea = dEa ≡ T a
= −2iEα1 ∧ E¯α˙1σaαα˙ − 2iE
α2 ∧ E¯α˙2σaαα˙, (13)
does not put any further restrictions on h, C, and
ψ, and these superfields are still too general to be
associated with the physical modes of the D3–
brane, which form a gauge vector supermultiplet.
The situation when the basic superembedding
condition is not enough to determine the dynam-
ics of the brane even off the mass shell is generic
for the space–filling [18] and codimension one [22]
branes. In such cases, for the superembedding to
describe superbrane dynamics, an additional con-
straint should be imposed 1. In our case this is
a constraint on an ‘extended’ field–strength two–
form
F2 = dA−B2 (14)
of a worldvolume gauge field dzMAM (z) living
on the D3-brane, the two–form B2 being the pull-
back of an “NS–NS” gauge superfield of anN = 2,
D = 4 supergravity which the D3 brane couples
to.
2.1. Worldvolume gauge field constraints
We assume the worldvolume superfield con-
straint on F2 to be
F2 = dA−B2 =
1
2
Ea ∧EbFba, (15)
which implies that F2 has nonzero components
only along bosonic directions (3) of the super-
worldvolume.
To argue that the constraint (15) is relevant
to the description of the Born–Infeld gauge field
and of the D3–brane as a whole, we note that it
follows from a generalized action [13] for super–
Dp–branes constructed and analyzed in [17,18],
and in a linear approximation it reduces to stan-
dard N = 1, D = 4 super–Maxwell constraints,
as we shall demonstrate in Subsection 2.3 upon
analyzing the integrability condition of (15)
−H3 = E
a ∧ T bFba +
1
2
Ea ∧ Eb ∧ dFba, (16)
where H3 = dB2 and T
b are the pullbacks of, re-
spectively, the B2 field strength and the torsion of
the target superspace which we will further con-
sider to be flat (see eqs. (6), (10) and (13)). In
flat target superspace H3 has the following form
H3 = 2iE
a∧(E1α∧E¯1α˙−E2α∧E¯2α˙)σaαα˙, (17)
and from (16) and (13) we get
−2iEa ∧ (Eα1 ∧ E¯α˙1σbαα˙(η − F )ba
1Note that these additional constraints are reproduced by
the generalized action [13,17] on the same footing as the
basic superembedding conditions and the dynamical equa-
tions of motion.
4−Eα2 ∧ E¯α˙2σbαα˙(η + F )ba) =
1
2
Ea ∧Eb ∧ dFba. (18)
Our goal is to show that when the constraints
(3) and (15) are imposed the components of the
superfields F2(z), h(z), C(z) and ψ(z) either van-
ish or are expressed through the worldvolume chi-
ral spinor superfield Θ2α(z) describing the gauge
vector supermultiplet. To this end we analyze the
integrability condition (18).
Substituting (9) into (18) and taking its Eα1 ∧
Eβ1 and E¯α˙1 ∧ E¯β˙1 components one finds that
h
γ
(ασ
b
γγ˙C¯
γ˙
β)(η − F )ba = 0,
h¯
γ˙
(α˙σ
b
γ˙γC
γ
β˙)
(η − F )ba = 0, (19)
where ηab is the D = 4 Minkowski metric.
If the matrix (η−F ) is non–degenerate (which
is the general assumption of the Born–Infeld–like
models) the equations (19) are satisfied if and
only if
C¯
γ˙
β = 0, C
γ
β˙
= 0 (20)
or
h βα = 0, h¯
γ˙
α˙ = 0. (21)
As one can verify the second choice (eq. (21))
leads to a trivial solution of the superembedding
conditions (which does not describe any physi-
cal dynamical system), so we shall analyze the
nontrivial consequences of the first solution (20).
Then the spinor supervielbein pullbacks (9) take
the form
E2α = E1βh αβ + E
aψαa ,
E¯2α˙ = E¯1β˙ h¯ α˙
β˙
+ Eaψ¯α˙a . (22)
Now consider the E1α∧E¯1α˙ component of (18).
In view of (22) it reduces to
h βα σ
a
ββ˙
h¯
β˙
α˙ ≡ (hσ
ah¯)αα˙ = σ
b
αα˙k
a
b , (23)
where the matrix k ab takes values in the
(pseudo)orthogonal group SO(1, 3) which follows
from its definition
k ab = (η − F )bc(η + F )
−1 ca
= (η + F )−1bc (η − F )
ca = δ ab − 2((η + F )
−1F ) ab ,
k−1 = kT , (δ ab + k
a
b ) = 2ηbc(η + F )
−1ca. (24)
Then the relation (23) implies that (up to a U(1)
rotation) h βα belongs to a spinor representation
of SO(1, 3)
h βα ∈ SL(2, C)× U(1)
and
|det(h)| = 1 → det(h) = e2ia(z), (25)
where the real superfield a(z) takes values on the
circle S1.
We have thus found the relationship between
the spin–tensor superfield h βα (z) (which in the
flat target superspace is h βα (z) = DβΘ
2α) and the
field strength Fab(z) of the worldvolume gauge
field. Namely, from (23) and (24) it follows that
F ba = H
−1 b
a − δ
b
a , (26)
where H ba =
1
2 [
1
2 tr(hσah¯σ
b) + δ ba ].
The equation (25) implies that the superfield
h βα satisfies the nonlinear constraint
det(h βα ) · det(h¯
β˙
α˙ ) = 1. (27)
This is the exact form of the nonlinear general-
ization of the Maxwell superfield constraint (see
eq. (48) below) which was found in [5] to order
O(Θ3).
Because of the group theoretical properties
(23), (24) and (25) of h βα and k
a
b they also satisfy
the following relation
h−1 γα dh
β
γ =
1
2
(k−1dk)abσ βabα + ida(z)δ
β
α . (28)
Eq. (28) implies, in particular,
h−1
γ
β dh
β
γ = 2ida(z). (29)
To conclude the analysis of the consequences
of the superembedding condition (3) and of the
gauge field constraint (15) we shall now demon-
strate that they do not put the theory on the mass
shell.
The dynamical fermionic equation of motion of
the D3–brane which is obtained by varying the
5Green–Schwarz–like [23] or the generalized action
[17] for the D3–brane with respect to Θ2 is
σbαα˙(η − F )
−1 a
b DaΘ
2α
≡ σbαα˙(η − F )
−1 a
b ψ
α
a = 0, (30)
(plus its complex conjugate).
We should, therefore, check that eq. (30) does
not follow from the constraints (3) and (15). To
this end let us note that in view of (3), (8), (13),
(20), (22) and (23) the algebra of the worldvolume
covariant derivatives DA is
{Dα, D¯α˙} = −T
a
αα˙Da = 2iσ
b
αα˙(δ
a
b + k
a
b )Da
= 4iσbαα˙(η + F )
−1baDa, (31)
{Dα,Dβ} = 0 = {D¯α˙, D¯β˙}, (32)
{Dα,Db} = −T
a
αbDa = −2i(hσ
a)αα˙ψ¯
α˙
b Da, (33)
{D¯α˙,Db} = −T
a
α˙bDa = −2i(σ
ah¯)αα˙ψ
α
b Da,
{Db,Dc} = −T
a
bcDa = −4i(ψσ
aψ¯)Da. (34)
Then applying D¯β˙ to h
β
α of (11), and taking
into account (20) and (31) we find that
D¯β˙h
α
β = 4iσ
b
ββ˙
(η + F )−1ba ψ
aα, (35)
which relates ψaα with h αβ and Fab.
Now multiplying eq. (35) by (h−1) βα (h¯
−1) β˙α˙ ,
and using the relations (23), (24) and (29) we get
(σb)αα˙(η − F )
−1baψa
α = −
1
4
ih¯−1
β˙
α˙ D¯β˙a(z), (36)
where the left hand side is the same as in eq. (30),
but it is non–zero, since a(z) is generically non–
constant. Thus, in the case of the space–filling
D3–brane the superembedding conditions and the
field strength constraint does not produce dynam-
ical equations of motion and, therefore, leave the
theory off the mass shell. The equations of mo-
tion arise only if in addition we put da(z) = 0 or
a(z) = const. Then, on the mass shell, the spin
tensor h becomes an SL(2, C) valued matrix (c.f.
[18] for a D=10 super-D9-brane)
deth βα = 1. (37)
Eq. (37) can be regarded as the nonlinear super-
field equation of motion of the D3-brane, which
generalzes the linear super-Maxwell equation of
motion (see Subsection 2.3).
2.2. Grassmann analyticity
As we have already mentioned, the superem-
bedding conditions (3), (6), (7), (8)–(11) and the
gauge field constraint (15) result in double ana-
lyticity, i.e. Grassmann analyticity both in the
worldvolume and in target superspace, the phe-
nomenon which was declared in [19] as a principle
for some types of superembeddings, describing for
instance certain superparticles and superstrings
[11,19–21]. Indeed, since the integrability of the
constraints requires eq. (20), from (8)–(11) it fol-
lows that ΘIα are chiral worldvolume superfields,
i.e.
D¯α˙Θ
Iα = 0, DαΘ¯
Iα˙ = 0. (38)
Then eqs. (7) take the form
Dα(X
a − iΘIσaΘ¯I) = 0,
D¯α˙(X
a + iΘIσaΘ¯I) = 0, (39)
or
Xa =
1
2
(XaR +X
a
L),
XaL − X
a
R − 2iΘ
IσaΘ¯I = 0, (40)
where XaR = X
a − iΘIσaΘ¯I = (XaL) are complex
conjugate chiral worldvolume superfields
D¯α˙X
a
L = 0, DαX
a
R = 0. (41)
The equations (40) are nothing but the def-
inition of complex coordinates ZML = (X
a
L =
Xa + iΘIσaΘ¯I ,ΘIα) of a chiral subspace of the
N = 2, D = 4 superspace, which in their turn
are chiral superfields in the N = 1, D = 4 super-
worldvolume.
We have thus obtained that the conditions im-
posed on the embedding of the D3–brane imply
that the superembedding is performed in such a
way that the chiral subsuperspace of the super-
worldvolume gets mapped into the chiral subsu-
perspace of the target superspace.
2.3. Linearized limit
We shall now demonstrate that in the physical
gauge (4) and in a linearized limit in worldvolume
superfields the gauge field constraint (15) gives
rise to standard constraints on the field strength
of the Maxwell field supermultiplet.
6Upon imposing the physical gauge (4) the only
independent (chiral) variable which remains in
the model is the Volkov–Akulov Goldstone su-
perfield Θ2α(z), to which the gauge field strength
Fab(z) is related via eq. (26).
To be able to perform a correct linearization
limit we should choose Θ2α(z) in the form
Θ2α(z) = ηα +Wα(z), (42)
where Wα(z) is a chiral worldvolume superfield.
This choice can be understood with the follow-
ing reasoning. When there is no a gauge field
on the D3–brane worldvolume Fab(z) = 0. Then
the integrability (18) of the gauge field constraint
(15) reduces to
2iEa∧(E1α∧E¯1α˙−E2α∧E¯2α˙)σaαα˙ = 0, (43)
which is satisfied if we choose E1α = E2α along
superworldvolume. Hence, in the static gauge
this “vacuum” configuration of the D3–brane can
be associated with the map ηα = Θ1α = Θ2α, and
fluctuations around this solution are described by
the chiral superfield Wα(z) of eq. (42).
We shall now analyze, in the static gauge (4),
the consequences of the superembedding (chiral-
ity) conditions (38), (39) and the integrability
condition (18) in the linear order in the fields
Wα(z) and Fab(z). From (4), (38), (39) and (42)
we find that in the linear approximation
Dα = Dα + i(σ
aW¯ )α∂a + iDαWσ
aη¯∂a,
D¯α˙ = D¯α˙ + i(Wσ
a)α˙∂a + iησ
aD¯α˙W¯∂a, (44)
where
Dα =
∂
∂ηα
+ 2i(σaη¯)α
∂
∂ξa
,
D¯α˙ =
∂
∂η¯α˙
+ 2i(ησa)α˙
∂
∂ξa
(45)
are flat covariant derivatives.
Note that in the linear approximation Wα(z)
satisfies the flat superspace chirality condition
D¯α˙W
α = 0, DαW¯
α˙ = 0. (46)
Finally eq. (26) reduces to
Fab =
1
4
σαα˙b (σaβα˙DαW
β + σaαβ˙D¯α˙W¯
β˙), (47)
which, in particular, implies that
DαWα + D¯α˙W¯
α˙ = 0. (48)
In equations (46) and (48) one can recognize the
standard constraints on the field strength super-
field of a Maxwell supermultiplet. They arise as
the linear approximation of the Goldstone super-
field constraints (38) and (27).
The Maxwell superfield equations of motion
DαWα − D¯α˙W¯
α˙ = 0. (49)
arise as the linearized approximation of the D3-
brane superfield equation (37).
We have thus demonstrated that the choice of
the basic superembedding condition (3) and the
gauge field constraint (15) is consistent with the
linearized limit of the D3–brane model which is
N = 1, D = 4 supersymmetric Maxwell theory.
3. The D3–brane action
We now present a worldvolume superfield ac-
tion which we assume to produce upon integrat-
ing over Grassmann coordinates and solving for
the auxiliary fields the standard action [23] for
the D3–brane coupled to an N = 2 supergravity.
The D3–brane couples to supergravity fields via
the worldvolume pullback of the Wess–Zumino
form [23]
Cˆ = C4 + F2 ∧ C2 +
1
2
F2 ∧ F2C0, (50)
where F2 is defined in (14) and Cp (p=0,2,4) are
‘Ramond-Ramond’ p–form fields.
Since, as we have shown in Subsection 2.2, the
superembedding conditions imply chirality of the
worldvolume superfields we assume the action to
be an integral over N = 1, D = 4 chiral super-
space ZL = (ξ
m
L , η
α) of an appropriate pullback
component of Cˆ. Such a structure is prompted
by the form of the worldvolume superfield actions
for a heterotic string [24] and a supermembrane
[25]. Because of the dimensional reasons the La-
grangian is constructed with the use of Cˆα˙β˙ab, and
the action (accompanied by the superembedding
condition (15)) has the following formally simple
form
S =
∫
d2ξLd
2ηELσ
abα˙β˙Cˆα˙β˙ab + h.c. (51)
7where EL = sdet(e
A
M ) det(ηab − Fab) det
−1h αβ
is the chiral measure Dα˙EL = 0, and σ
ab is the
antisymmetrized product of the Pauli matrices.
Upon integration over η (51) should pro-
duce both the Dirac–Born–Infeld and the Wess–
Zumino term of the standard D3–brane action.
In the static gauge (4) and in the linearized limit
(42), (46) and (48) the action (51) reduces to the
superfield Maxwell action.
4. CONCLUSION
Using the superembedding approach we have
shown that the off–shell dynamics of the D3–
brane in N = 2, D = 4 target superspace
is described by the worldvolume superfield (su-
perembedding) conditions (3) and (15). In the
static gauge they reduce to nonlinear off–shell
constraints on the spinor (Goldstone) superfield
strength of the Dirac–Born–Infeld supermultiplet
which generalize the Maxwell superfield linear
constraints. This establishes the link of the su-
perembedding formulation of the D3–brane with
the nonlinear realization method used by Bagger
and Galperin [5] to construct the N = 1, D = 4
superfield formulation of the Dirac–Born–Infeld
theory as a Volkov–Akulov–type model exhibiting
partial breaking of N = 2 supersymmetry down
to N = 1.
The detailed analysis of the D3–brane super-
worldvolume action (51) and its relation to the
Goldstone–Maxwell superfield action and equa-
tions of motion of [5,9] will be given elsewhere.
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